Abstract. We give an example of two rational functions with non-equal Julia sets that generate a rational semigroup whose completely invariant Julia set is a closed line segment. We also give an example of polynomials with unequal Julia sets that generate a non nearly Abelian polynomial semigroup with the property that the Julia set of one generator is equal to the Julia set of the semigroup. These examples show that certain conjectures in the field of dynamics of rational semigroups do not hold as stated and therefore require the allowance of certain exceptional cases.
Introduction
In [3] , Hinkkanen and Martin develop a theory of dynamics of rational semigroups as a generalization of the classical theory of the dynamics of the iteration of a rational function defined on the Riemann sphere C. In that paper and in subsequent communications, they put forth several conjectures, some of which will be addressed here. In particular, we provide counterexamples to In what follows all notions of convergence will be with respect to the spherical metric on C. A rational semigroup G is a semigroup of rational functions of degree at least two defined on C with
The lemma easily follows.
Proof. For z = 0 or ∞ we define h(z) = g(± √ z) and note that h is well defined (regardless of the branch of the square root taken) since g is even. Since h is analytic on C \ {0} and can be extended in the obvious way to be continuous on C, h is rational and satisfies h(z 2 ) = g(z).
Lemma 2.5. Let f be a rational map such that f (U ) = U . Then there exists a rational mapf such
and only if f is odd (and therefore of the form in Lemma 2.1).
Proof. Let f be odd. Since
2 is an even rational function and
(hencẽ f is a rational map as it is a composition of rational maps). Let w = φ(z) = z 2 −1 z 2 +1 and note that
Suppose there exists a rational mapf such that φ • f =f • φ. Thenf • φ is even since φ is even.
The semi-conjugacy implies φ • f is also even, which by Lemmas 2.3 and 2.2 gives that f is either even or odd. If f were even, then f (C \ U ) = f (U ) = U and the preimage of the lower half plane would be empty. This contradicts the fact that the image of C under a rational map is always C.
Hence we conclude that f must be odd.
we see that since φ 
Suppose that E(G) = R. Since R is completely invariant under both f and g, it follows from Lemma 3.2.5 in [5] that if E(G) contains a non-degenerate interval in the real line, then E(G) = R.
Hence we may select an open interval L = (x, y) in R \ E(G) with both x, y large. Since the length of the intervals f n (L) tends to +∞, we may assume that y − x is large. By expanding the interval we may also assume that x, y ∈ E(G) (note that we used here that ∞ is a non-isolated point in E(G) which follows since 2 ∈ J g ⊂ E(G) and f n (2) → ∞).
Since x is large, we can use the fact that f (x) is slightly greater than g(x) to see that g −1 ({f (x)}) contains a point slightly larger than x (and hence less than y). But by the complete invariance of the set E(G) under f and g, we get g −1 ({f (x)}) ⊂ E(G). This is a contradiction since the interval (x, y) does not meet E(G). We conclude that E(G) = R.
Since ∞ is an attracting fixed point under both f and g, we see that small neighborhoods of ∞ map inside themselves under each map in G. Hence ∞ ∈ N (G) and so J(G) = R.
As in Example 2.1 we may semi-conjugate the odd rational maps f and g by φ to get mapsf (z) = 
